We use optical images of a superfluid consisting of a weakly interacting Bose-Einstein condensate of sodium atoms to investigate the structure of quantized three-dimensional vortex filaments. We find that the measured optical contrast and the width of the vortex core quantitatively agree with the predictions of the Gross-Pitaevskii equation.
I. INTRODUCTION
The Gross-Pitaevskii (GP) equation was independently derived by L.P. Pitaevskii [1] and E.P. Gross [2] in 1961. It describes a superfluid gas of weakly interacting bosons at zero temperature. The solution of the equation is a complex function Ψ = |Ψ| exp iϕ, whose modulus squared represents the particle density, n = |Ψ| 2 , and the gradient of the phase gives the local velocity of the fluid, v = (h/m)∇ϕ, where m is the particle mass. In the derivation by L.P. Pitaevskii, the GP equation emerges as a generalization of Bogoliubov's theory [3] to a spatially inhomogeneous superfluid [4] . A quantized vortex can exist as a stationary solution of the GP equation where all particles circulate with the same angular momentumh around a line where the density vanishes; the solution has the form n(r) exp iϕ, where now ϕ is the angle around the vortex axis and r is the distance from the axis in cylindrical coordinates. The density n(r) is a smooth function which increases from 0 to a constant asymptotic value n 0 over a length scale characterized by ξ, known as the healing length, determined by n 0 and the strength of the interaction.
Quantized vortices have been extensively studied in superfluid 4 He [5] , which is a strongly correlated liquid. The core of the vortex in 4 He is only qualitatively captured by the GP equation and more refined theories are needed to account for the atom-atom interactions and many-body effects [6] [7] [8] [9] [10] . A direct comparison between theory and experiment for the structure of the vortex core is not available, and is likely unrealistic, the main reason being that the core size in 4 He is expected to be of the same order as the atom size. The only way to observe such a vortex thus consists of looking at its effects on the motion of impurities that may be attached to it. Electrons [11] [12] [13] [14] , solid hydrogen particles [15] [16] [17] [18] [19] , and 4 He excimer molecules [20] have been used for this purpose. These impurities act as tracers for the position of vortex filaments in order to infer their motion on a macroscopic scale, but the fine structure of the core remains inaccessible. Furthermore, impurities may themselves affect the dynamics of the vortex filaments [21] .
In dilute ultracold atomic gases the situation is more favorable. On the one hand, the GP theory furnishes a very accurate description of the system in regimes of temperature and diluteness that are attainable in typical experiments with trapped Bose-Einstein condensates (BECs) [22, 23] . On the other hand, beginning with a series of seminal experiments [24] [25] [26] [27] [28] [29] [30] , quantized vortices are routinely produced and observed with different techniques (see [31] for a review).
Despite such an abundance of work, it may sound surprising that no detailed quantitative comparison between theory and experiment for the structure of the vortex core in three-dimensional (3D) condensates has yet been performed. A reason is that the healing length ξ in typical trapped BECs, though much larger than in liquid 4 He, is still smaller than the optical resolution, which is limited by the wavelength of the laser beams used for imaging. Another reason is that, when illuminating the atomic cloud with light, the result is the optical density, which is determined by an integral of the density along the imaging axis (column density); thus, a vortex filament has a strong contrast only if it is rectilinear and aligned along the imaging axis. One can overcome the first limitation by switching off the confining potential, letting the condensate freely expand. The vortex core expands as well, at least as fast as the condensate radius [32] [33] [34] [35] , so that it can become visible after a reasonable expansion time. Concerning vortex alignment, one can strongly confine a BEC along one spatial direction, squeezing it to within a width of several ξ. In such a geometry, vortices orient themselves along the short direction, thus behaving as point-like topological defects in a quasi-2D system rather than filaments in a 3D fluid (a recent discussion about the structure of the vortex core in expanding quasi-2D condensates can be found in [36] ). Conversely, if the condensate width is significantly larger than ξ in all directions, the vortex filaments can easily bend [37] [38] [39] [40] , with a consequent reduction of their visibility in the column density. Bent vortex filaments have indeed been observed in [41] [42] [43] [44] . Bending and optical resolution particularly limit the quality of comparisons between theory and experiment for the structure of the vortex core (see Fig. 14 .10 in [23] ).
In this work, we show that 3D vortex filaments can be optically observed with enough accuracy to permit a direct comparison with the predictions of the GP theory. In our experiment, we produce large condensates of sodium atoms in an elongated axially symmetric harmonic trap and we image each condensate, in both the axial and a transverse direction, after free expansion. When a vortex filament is present, it produces a visible modification of the column density distribution of the atoms. We use Figure 1 . Experimental absorption images of a condensate with 7 × 10 6 atoms after 120 ms of free expansion. The small blue ellipse at the center of (a) represents the shape of the trapped condensate before the expansion, which is an elongated ellipsoid with the long axis in the x-direction. The expansion is faster in the transverse direction, so that the aspect ratio is inverted and the atomic distribution aquires a pancake shape. (a) Column density along a transverse direction. The faint vertical stripe is a signature of the presence of a vortex, and its shape is an interference pattern originating from the anisotropic velocity field around the vortex and the velocity field of the expansion. The field of view is 1.3 × 3 mm. (b) Column density along the axial direction. The vortex is almost invisible. The field of view is 3 × 3 mm. (c) Residual column density. From the previous image we subtract spurious interference fringes, due to imperfections in the optical imaging, and the background density, using a Thomas-Fermi fit (see text). The result is an image of the residual column density which neatly reveals a vortex filament. (d)-(g) Other examples of vortex filaments shown by the residual column density for different condensates with one or more vortices. Note that even though the in-situ condensate is always isotropic in the y-z plane it becomes slightly elliptic after a long expansion due to a residual curvature of the magnetic field used to levitate the condensate against gravity.
numerical GP simulations, as well as scaling laws which are valid for the expansion of large condensates, to make direct comparisons with our experimental observations and find good agreement.
II. EXPERIMENT
We produce ultracold samples of sodium atoms in the internal state |3S 1/2 , F = 1, m F = −1 in a cigarshaped harmonic magnetic trap with trap frequencies ω x /2π = 9.3 Hz and ω ⊥ /2π = 93 Hz. The thermal gas is cooled via forced evaporative cooling and pure BECs of typically around 10 7 atoms are finally obtained with negligible thermal component. The evaporation ramp in the vicinity of the BEC phase transition is performed at different rates: slow quenches eventually produce condensates which are almost in their ground state, while faster quenches lead to the formation of quantized vortices in the condensate as a result of the Kibble-Zurek mechanism [45, 46] . The quench rate can be chosen in such a way to obtain condensates with one vortex on average.
The trapped condensate has a radial width on the order of 30 µm and an axial width that is 10 times larger. The healing length in the center of the condensate is about 0.2 µm, smaller than the optical resolution. It is also about two orders of magnitude smaller than the radial width of the condensate, which means that, as far as the density distribution is concerned, a vortex is a thin filament living in a 3D superfluid background with smoothly varying density, and the local properties of the vortex core are hence almost unaffected by boundary conditions. However, boundaries are still important for the superfluid velocity field. In fact, the ellipsoidal shape of the condensate causes a preferential alignment of the vortex filament along a (randomly chosen) radial direction so as to minimize its energy. Moreover, this geometry makes the flow around the vortex line anisotropic, mean-ing that on the larger scale of the entire condensate a vortex behaves as an almost planar localized object. For this reason, such vortices in elongated condensates are also known as solitonic-vortices [44, [47] [48] [49] . For our purposes, such localization is an advantage since it significantly reduces the bending of the vortex filaments, while at the same time keeping their local core structure three dimensional.
Observations are performed by releasing the atoms from the trap and taking simultaneous absorption images of the full atomic distribution along the radial and axial directions after a sufficiently long expansion in free space, so that the vortex core becomes larger than the imaging resolution [44, 46] . The presence of a levitating magnetic field gradient makes it possible to achieve long expansion times preventing the BEC from falling. Typical images are shown in Fig. 1 . In the radial direction (panel a), the vortex is seen as a dark stripe. This soliton-like character is due to the interference of the two halves (ends) of the elongated condensate which, on the large length scale of the entire condensate, have approximately a π phase difference [44, 49, 50] . If a vortex filament is parallel to the imaging direction, the dark stripe exhibits a central dip, corresponding to the vortex core seen along its axis, and a twist due to the anisotropic quantized circulation. The 2π phase winding around the vortex core was also detected in the same setup [44] by means of an interferometric technique based on a sequence of Bragg pulses. In the axial direction (panel b), the soliton-like character is integrated out and the vortex filament is only a faint (and almost invisible) perturbation in the column density. However, by subtracting the background represented by a condensate without any vortex, the filament clearly emerges in the residual density distribution (panel c). In the following we show how this signal can be used to extract quantitative information on the vortex structure after expansion, and how this is related to the shape of the vortex core in the condensate in-situ, before the expansion.
III. THEORY
The GP equation for the macroscopic wave function Ψ(r, t) for a BEC of weakly interacting bosons of mass m at zero temperature is [1, 2, 22, 23] ih
where V ext is the external potential and t is time. The quantity g is a coupling constant characterizing the interaction between the atoms, which is positive for our condensates. The stationary version of the GP equation is obtained by choosing Ψ(r, t) = ψ(r) exp(−iµt/h), so
where µ is the chemical potential and n = |ψ| 2 is the density. In our case, we use the stationary GP equation to describe the condensate confined by the axially symmetric harmonic potential
, with the aspect ratio λ = ω x /ω ⊥ = 0.1, as in the experiment. Then we simulate the expansion by using this solution as the t = 0, starting condition for the solution of the time dependent GP equation with V ext = 0. We simulate condensates with and without a vortex. In the former case, the vortex is rectilinear, passing through the center and aligned along the z-axis. The need to accurately describe the dynamics of the system on both the scale of the healing length ξ and the scale of the width of the entire expanding condensate poses severe computational constraints. With this in mind, we are only able to perform simulations up to values of the chemical potential on the order of 10hω ⊥ , which are smaller than the experimental values, ranging from about 15 to 30hω ⊥ . Experiments can also be performed for smaller values of N , and hence smaller µ, but fluctuations in the density distribution become relatively larger with decreasing N , and the signal-to-noise ratio for the visibility of vortices in axial imaging becomes too small. The comparison between theory and experiments hence requires an extrapolation of the GP results to larger µ and this is possible thanks to scaling laws which are valid for large condensates.
If µ is significantly larger than bothhω ⊥ andhω x , then the ground state of the condensate, i.e., the lowest energy stationary solution of the GP equation, is well approximated by the Thomas-Fermi (TF) approximation, which corresponds to neglecting the first term in the parenthesis of Eq. (2), so that the density becomes [22, 23] 
within the central region where n TF is positive, and is 0 elsewhere. We can then define the boundary TF radii
, the central density n 0 = µ/g, and the rescaled coordinates x = x/R x ,ỹ = y/R ⊥ andz = z/R ⊥ , and rewrite the density in the form
This inverted parabola is a very good approximation for the density profiles of our condensates except in a narrow region near the condensate boundaries [51] .
In the regime where the TF approximation is valid, the free expansion is governed by simple scaling laws [52] [53] [54] . In particular, one can prove that the condensate preserves its shape with a rescaling of the TF radii in time according to R x (t) = b x (t)R x (0) and 
τ =5 Figure 2 . Residual column density (8) calculated for a GP simulation of an expanding condensate with µ = 9.7hω ⊥ and with a vortex aligned along z, passing through the origin. Curves are plotted for different values of the expansion time, τ = ω ⊥ t, and are normalized to the value n TF col (0, τ ), which is the maximum of the fitted TF column density at the same time. The coordinateỹ = y/R ⊥ is the distance from the vortex axis in units of the transverse TF radius obtained from the same fit. The spatial range is limited to half the TF radius in order to highlight the print of the vortex in the column density; the effects of the condensate boundaries are almost negligible in this range. 
Analytic solutions exist in the limit λ 1, that is, for a very elongated ellipsoid, for which one finds [52] 
The correction proportional to λ 2 becomes vanishingly small in the limit of the infinite cylinder, where the condensate is known to follow a scaling behavior that preserves its radial shape, even in regimes where the TF approximation does not apply [55] .
The TF density profile (4) is not only an accurate fitting function of the GP density distribution during the free expansion of an elongated condensate with µ ∼ 10hω ⊥ , but the TF radii extracted from the fit also agree with the scaling solutions of (5), as well as with the analytic expressions (6), the discrepancy being less than 2% in all our simulations, even for long expansion times. The agreement is expected to be even better for larger values of µ. This justifies the use of a TF fit to extract the residual density both in the experiments and in the GP simulations. The fit also provides the values of the TF radii and n 0 at any given time t, which can be used to rescale the coordinates and the density.
For comparison with experiments, the key quantity is the column density, that is, the integral of the density along the imaging axis. Let us consider a cut of the density in the z = 0 plane and define n col (ỹ, t) = dx n(x,ỹ, 0, t), where the integral is restricted to the region where the density is positive. Using the analytic TF density, one finds
and we can finally define the residual column density as
An example is shown in Fig. 2 , where we plot δn obtained in the GP simulation of the expansion for a condensate with µ = 9.7hω ⊥ . The figure shows that, as expected, a vortex produces a (column) density depletion whose depth is very small, i.e., only a few percent of the central column density of the condensate. It also shows that the depth increases in time during the expansion, while the width seems to remain almost constant. In Fig. 3 we show results for the depth and the width obtained in simulations of condensates with different chemical potentials, plotted as a function of the expansion time.
These results can be qualitatively understood by using a simplified model where the GP vortex core in the initial condensate is modelled by an empty cylinder of radius r v = cξ 0 , where c is a number of order 1 and ξ 0 is the healing length of a uniform condensate with density n 0 , which is given by ξ 0 =h/ √ 2mgn 0 =h/ √ 2mµ. The rescaled radius isr v = r v /R ⊥ = cξ 0 /R ⊥ = chω ⊥ /2µ. Then, let us assume that the initial expansion of the condensate is dominated by the mean-field interaction in the following sense: a segment of vortex filament near the center of the condensate expands as if it were in a uniform condensate, preserving its shape, but adiabatically following the time variation of the density of the medium around it. Hence, the vortex radius grows because the density decreases and the healing length is inversely proportional to √ n 0 . Meanwhile, the transverse and axial TF radii R ⊥ and R x grow, but with different scaling laws; such a difference is precisely the origin of the increased visibility of the vortex. The empty-cylinder model allows us to calculate the column density, analytically taking into account all of these effects. In particular, using the scaling law (6) and neglecting the λ 2 term, one can easily prove thatr v is constant during the expansion, while the residual column density takes the form
and the normalized depth can be written as
The dashed line in Fig. 3 corresponds to this prediction when c = 1.6 and µ = 9.7hω ⊥ . With the same parameters, the rescaled width of the empty cylinder is r v ∼ 0.08, which is in qualitative agreement with the data in the bottom panel of the same figure. However, the assumption of adiabaticity is expected to be valid only at short times, when the density of the expanding condensate remains sufficiently large. As the expansion proceeds, the mean-field interactions lose their strength and the velocity field gradually assumes the characteristics of a ballistic expansion [32, 33] . The crossover from mean-field to ballistic expansion is smooth and, for reference, we note that a spherically trapped condensate is expected to decouple at around τ dec ∼ 2µ/hω [32] , which, for µ = 9.7hω, would correspond to τ dec ∼ 4 in Fig. 3 . The full GP simulations show that the width remains approximately constant throughout the simulation, while the depth significantly deviates from the √ 1 + τ 2 law and saturates to a constant value deep in the ballistic regime.
IV. EXPERIMENT vs. THEORY
In this section, we compare the results of the experiments with the predictions of the GP theory for the overall shape, width and depth of the vortex in the residual column density.
The depth and the width after a given expansion time t are shown in Fig. 4 as a function of 1/µ. The two quantities are extracted from Gaussian fits, and normalized by the central TF column density and the transverse TF radius as in Fig. 3 . In the case of experimental data, we first select condensates exhibiting a rectilinear vortex filament near their center, at an axial distance smaller than R ⊥ /3. We then fit the column density with the analytic TF profile, but excluding points lying within a few healing lengths of the filament. From the fit we obtain the chemical potential and the TF radii of the "background" condensate and, by subtracting this background from the column density, we get the residual δn(ỹ), wherẽ y is taken to be orthogonal to the filament. In order to increase the signal-to-noise ratio we average the normalized depth δn(ỹ)/n TF col (0) over different z values within the interval [−R ⊥ /3, R ⊥ /3]. Moreover, if a vortex line is displaced from the center by a distanceρ = x 2 +ỹ 2 +z 2 , its core structure is that of a vortex in a background condensate with a density (1 −ρ 2 ) times lower than the central density; we thus assign to the vortex a value of µ corrected by the same factor. Finally, for long expansion times the residual external field makes the condensate slightly elliptic in the radial plane. For this reason, we use both R y and R z as independent TF radii and then we define R ⊥ = R y R z . The same fitting procedure is applied to the GP density distributions, for which the condensate radius is always axially symmetric and the vortex is centered by construction. The experimental points correspond to four independent sets of data, where the cooling, evaporation, and imaging procedures are optimized for condensates with different atom numbers: red and orange points correspond to the largest condensates in our laboratory (µ ∼ 30hω ⊥ , t = 150 ms and 120 ms), blue points are the smallest condensates in which vortices are still observable (µ ∼ 15hω ⊥ , t = 100 ms), while green points represent an old data set [56] for intermediate condensates (µ ∼ 20hω ⊥ , t = 120 ms). Error bars account for statistical noise in the residual column density and for the uncertainties in the fit.
The GP results clearly show that the rescaled width σ/R ⊥ scales linearly with 1/µ. This is consistent with the fact that, in the elongated geometry of our condensates, the rescaled width remains almost constant during the expansion. Another way to understand this is to note that the in-trap width is proportional to ξ 0 /R ⊥ , and hence to 1/µ, and this scaling survives after long expan- The expansion time is t = 150 ms (red), t = 120 ms (green and orange) and t = 100 ms (blue); varying t in this range would change the vertical position of the experimental data by a negligible amount of the order of 1%. The depth and width are calculated from Gaussian fits to both GP and experimental distributions of the residual column density by using the same procedure.
sion times, even deep within the ballistic regime where length ratios become frozen. The dashed line is a linear fit to the GP points, including the limiting case of an infinite condensate at 1/µ = 0. Figure 4 shows that the experimental data are in good agreement with the GP predictions, especially for the largest condensates, where the vortex signal-to-noise ratio is the largest. For the case of vortex depth, the GP theory does not provide any simple scaling law to compare with the experimental results considered here. The reason is that, as discussed in the previous section, the visibility of the vortex in the residual column density exhibits a nontrivial dependence on the expansion time, associated with the crossover from the mean-field dominated early stages of expansion to the later ballistic expansion dynamics. Eventually, for large t, the normalized depth saturates at a value weakly dependent on µ (see Fig. 3 ). The experimental points lie in a range fully compatible with a smooth interpolation from the GP results down to the infinite condensate limit, in the sense that any reasonable interpolating function would clearly pass through most of the experimental points, within the experimental uncertainties.
In Fig. 5 , we show an example of vortex profile in a condensate with 2 × 10 7 atoms and chemical potential µ expt = 33hω ⊥ , after an expansion time t = 150 ms. The full residual column density δn(ỹ,z) is plotted in the inset. The quantity δn(ỹ,z)/n TF col (0,z) is averaged in the z direction within the rectangular box, and the resulting δn(ỹ)/n TF col (0) is shown in the main panel of the figure as a function ofỹ. In order to compare the experimental data with GP theory we proceed as follows. We first check that the shape of the vortex core in the residual column density of GP simulations with different values of µ is the same up to a rescaling of the width and the depth as in Fig. 4 , except for small fluctuations in the tails, which are expected to become negligible for large µ. This implies that the GP profile of δn(ỹ)/n TF col (0) for the experimental chemical potential µ expt = 33hω ⊥ should be the same as for the GP simulation for µ GP = 9.7hω ⊥ , after rescaling the width linearly with µ (dashed line in Fig. 4) . The solid line in Fig. 5 is the resulting GP profile, where we fixed the depth to the experimental value. There is good agreement between theory and experiment for the overall shape, including quantitative agreement for the width. The depth has good qualitative agreement if one considers that the experimental value lies within a range between the GP results for smaller µ and the trivial limit for µ → ∞, in a way that is compatible with any reasonable smooth interpolation as already shown in the top panel of Fig. 4 .
It is worth noticing that the optical resolution in our experiments is not limiting the comparison with theory. To check this, we convolve the GP profile with a Gaussian having a width in the range σ res ∼ 2 − 3 µm, corresponding to our optical resolution, and we find that the effects on the points in Figs. 4 and 5 are negligible (note that the vortex core in Fig. 5 has a width σ ∼ 30 µm σ res ). The fluctuations in the experimental data, which contribute to the error bars in Fig. 4 , are dominated by photon shot-noise in the absorption images and by systematic spurious optical fringes which are not completely filtered out.
Finally, we note that thermal atoms are not visible in our samples, which means that the temperature of the condensates is significantly smaller than the critical temperature for Bose-Einstein condensation. Nevertheless, a certain number of thermal atoms is still expected to be present in the trapped condensate, and some of them can be confined within the vortex core [57] . These atoms should not be present in the vortex core after the expansion, since their kinetic energy is sufficient to separate them from the expanding condensate, leaving an empty vortex core. In any case, our observations suggest that the effect of thermal atoms on the in situ vortex core is limited. In fact, the good agreement that we find with GP theory (valid at zero temperature) is an indication that, if thermal atoms are present, their effects on the shape, width and depth of the vortex are negligible within the uncertainties of our experiments.
V. CONCLUSION
In summary, we have shown that quantized vortex filaments can be observed by optical means in 3D BoseEinstein condensates of weakly interacting ultracold atoms, at a level of accuracy which is enough to allow for a direct comparison with the predictions of the Gross-Pitaevskii theory for the width, depth, and overall shape of the vortex core. We found good agreement between theory and experiment. We have performed experiments with large condensates of sodium atoms and compared the results to those obtained in numerical simulations. In order to make the vortex visible we let the condensate expand for a long time. The expansion dynamics were included in the numerical simulations. We have shown that Thomas-Fermi scaling laws, valid for large elongated condensates, can be efficiently used to relate the observed features after expansion to the structure of the vortex core in the initially trapped condensate.
